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ABSTRACT: We use dynamical system methods to explore the general behaviour of f (T ) cosmol-
ogy. In contrast to the standard applications of dynamical analysis, we present a way to transform
the equations into a one-dimensional autonomous system, taking advantage of the crucial property
that the torsion scalar in flat FRW geometry is just a function of the Hubble function, thus the field
equations include only up to first derivatives of it, and therefore in a general f (T ) cosmological
scenario every quantity is expressed only in terms of the Hubble function. The great advantage
is that for one-dimensional systems it is easy to construct the phase space portraits, and thus ex-
tract information and explore in detail the features and possible behaviours of f (T ) cosmology.
We utilize the phase space portraits and we show that f (T ) cosmology can describe the universe
evolution in agreement with observations, namely starting from a Big Bang singularity, evolving
into the subsequent thermal history and the matter domination, entering into a late-time accelerated
expansion, and resulting to the de Sitter phase in the far future. Nevertheless, f (T ) cosmology can
present a rich class of more exotic behaviours, such as the cosmological bounce and turnaround,
the phantom-divide crossing, the Big Brake and the Big Crunch, and it may exhibit various singu-
larities, including the non-harmful ones of type II and type IV. We study the phase space of three
specific viable f (T ) models offering a complete picture. Moreover, we present a newmodel of f (T )
gravity that can lead to a universe in agreement with observations, free of perturbative instabilities,
and applying the Om(z) diagnostic test we confirm that it is in agreement with the combination of
SNIa, BAO and CMB data at 1σ confidence level.
KEYWORDS: f (T ) gravity, dynamical systems, dark energy, cosmological bounce, cosmological
singularities
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1 Introduction
Current astrophysical and cosmological observations are essential to consummate and sharpen our
knowledge of the fundamental constituents of the universe. Cosmic microwave background (CMB)
anisotropies observations provides us with a substantial information on the physics of the primor-
dial universe, which is essential in understanding, as well as constraining, physical models explain-
ing early-time cosmology. The CMB anisotropies have been measured by COBE, WMAP and
Planck satellites with high precisions [1–5]. The observations have shown that baryonic matter
constitutes only a small portion (∼ 5%) of the universe’s energy content. However, observations
of the rotation galaxy curves [6], galaxy clustering [7] and galaxy X-ray emission [8] have shown
that ∼ 26% of the universe’s total energy is dark matter. Dark matter is needed for forming clusters
and large scale structures early enough, since baryonic matter alone cannot explain the existence of
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these structures at high redshifts. On the other hand, the luminosity distance observations [9, 10]
of type Ia supernovae (SNIa), affirmed by CMB observations [2–5], have come up with another
unexpected result, namely that the cosmic expansion has passed from deceleration to acceleration
a few billion years ago, i.e at redshift ztr ∼ 0.6 − 0.8 [11]. Since none of the known matter fields
can explain this accelerated expansion, cosmologists have assumed new obscure cosmic species,
that are collectively called dark energy, to explain it. This component represents ∼ 69% of the
universe’s total energy.
The simplest and basic scenario which incorporates the dark energy component is a cosmolog-
ical constant (Λ) universe. With the addition of cold dark matter (CDM) and the consideration of
a flat Friedmann-Robertson-Walker (FRW) geometry (since the spatial flat geometry gives a good
agreement with temperature power spectrum of Planck observations), this scenario is the so-called
ΛCDM one. Although the ΛCDM paradigm is the one that fits the data in the most efficient way,
the possibility of the dynamical nature of the dark energy component, as well as possible tensions
relating to the direct observations of the Hubble function [12–14], might indicate towards dynami-
cal dark energy models, unless unknown uncertainties will be discovered [15, 16]. Dynamical dark
energy models could explain the late accelerated expansion by introducing various extra fields (for
reviews see [17, 18]), or by assuming fluids with exotic equation of state, such as the Chaplygin
fluid.
On the other hand, modified gravity may provide an alternative approach to interpret the accel-
erated expansion. In particular, one wishes to construct a gravitational modification, that includes
extra degrees of freedom that can drive the universe acceleration, at early or late times, which
however still possesses general relativity as a particular limit. Although most of the works in mod-
ified gravity start from the standard curvature-based formulation (for reviews see [19, 20]), one
can alternatively construct modified gravities based on torsion [21]. In particular, starting from the
Teleparallel Equivalent of General Relativity (TEGR) [22], in which the Lagrangian is the torsion
scalar T , one can extend T to f (T ) resulting to f (T ) gravity [23, 24]. Note that although TEGR
is completely equivalent with general relativity at the level of equations, f (T ) gravity is different
from f (R) gravity. Thus, f (T ) cosmology proves to be very interesting both for early-time [25–28]
as well as late-time [29–83] universe evolution, while the black hole solutions in this framework
also lead to interesting features [84–100].
One of the important features of both general relativity, as well as modified gravity, is that the
highly nonlinear nature of the corresponding cosmological equations in general does not allow for
the extraction of analytical solutions. Nevertheless, one can apply the dynamical systems method
[101–104] which allows to extract the global behaviour of the scenario, independently of the initial
conditions and bypassing the complexity of the equations. The dynamical systems method serves
as an important tool to describe, analyze and classify various features of cosmological models, and
additionally it makes more transparent the relation between different branches of solutions. In par-
ticular, in cosmological applications we are interested in the following set of ordinary differential
equations
dx
dt
= f(x), (1.1)
where x = (x1, · · · , xn) are the variables needed to characterize the system and the functions f(x) =
( f1(x1, · · · xn) , · · · , fn(x1, · · · , xn)) are determined by the system. In general, in most nonlinear
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systems analytical solutions cannot be extracted. When there is no explicit dependence of f(x) on
t, the system is autonomous, and then the geometric approach which has been developed is applied
in order to study the qualitative behaviour and the stability. In this framework one uses topological
and geometrical procedures in order to determine the properties of the set of all solutions, by
visualizing it as trajectories in a phase space. In this sense, the phase of the system at instant time
can be described by a phase vector x ∈ X ⊆ Rn, where X is an n-dimensional phase space and
the maps f : X → X are vector fields on Rn. Hence, one visualizes the phase space with frozen
trajectories on it, and by using geometrical reasoning he can extract essential information about the
system even without solving it explicitly.
In general applications of dynamical system methods in given cosmological scenarios, one
results to a multi-dimensional system that needs to be investigated [104–111]. Analyzing multi-
dimensional autonomous systems can be a complicated task, since they incorporate a large amount
of information, with many solution branches and possible behaviours. However, f (T ) cosmology
is a very interesting exception, since in a flat FRW geometry its corresponding dynamical system
(1.1) can be reduced to a one-dimensional (or first order) autonomous system, i.e having n = 1. The
reason behind this crucial and very helpful property is the special feature of f (T ) gravity, namely
that the torsion scalar in flat FRW geometry is just T = −6H2, i.e it can be used interchangeably
with the Hubble function H (in turn this is a result from the most general feature of f (T ) gravity,
namely that it has second-order field equations, in contrast with most models of modified gravity
which include higher-order field equations). Hence, a general f (T ) cosmological scenario can be
described by a one-dimensional autonomous system, where everything is expressed in terms of the
Hubble function, and thus its possible behaviours can be extracted and investigated in huge detail.
In the present work we are interested in using the above property of f (T ) cosmology to trans-
form the cosmological equations into a one-dimensional autonomous system, and then explore its
features in general. We mention here that the phase space analysis of f (T ) cosmology has been
performed in the literature [112–118], however it was based on the usual approach and thus it was
performed only for particular specific f (T ) models (see also [119, 120], where a general analysis is
performed but in the framework of multi-dimensional systems). On the other hand, in the present
work, due to the above formalism, we are able to explore the phase space portraits in full detail and
for general f (T ) cosmology. After this general analysis, we proceed to the investigation of specific
viable f (T ) models, reproducing the results of the literature, providing a unified and full picture of
f (T ) cosmology.
We organize the manuscript as follows: In Sec. 2, we review briefly the essential background
of f (T ) gravity, and we apply it in a cosmological framework. In Sec. 3, we present the theory of
cosmological phase portraits and we show that f (T ) cosmology has the crucial property to result
in a one-dimensional autonomous system. Then we study the basic features of the phase portraits
in general f (T ) cosmology. In Sec. 4, we explore the phase space portraits of three viable specific
f (T ) models, investigating all possible cosmological evolutions. In Sec. 5, taking into account the
information gained through the phase space portraits, we propose a new f (T ) model and we show
that it can successfully describe the universe evolution in agreement with observations. Finally, in
Sec. 6 we summarize the obtained results.
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2 f (T ) gravity and cosmology
In this section we briefly review f (T ) gravity and we apply it in a cosmological framework. We
start from a 4-dimensional smooth manifold M, and a given a set of tetrad fields eaµ defined on
M, where the Latin letters denote the local Lorentz (tangent space) indices, and the Greek letters
denote the tensor (spacetime) indices. The local Lorentz and the tensor indices can be interchanged
using
eaνea
µ
= δ
µ
ν , e
a
µeb
µ
= δab. (2.1)
One can construct the metric tensor
gµν = ηabe
a
µe
b
ν, (2.2)
where ηab = diag(1,−1,−1,−1) is the metric tensor of the tangent space. In the above manifold
one can introduce the Levi-Civita connection
◦
Γ
α
µν =
1
2
gασ
(
∂νgµσ + ∂µgνσ − ∂σgµν
)
, (2.3)
which satisfies the metricity condition
◦
∇σgµν = 0, where the operator
◦
∇ denotes the covariant
derivative of the Levi-Civita connection. The corresponding torsion tensor
◦
Tαµν vanishes identi-
cally, since the connection
◦
Γ
α
µν is symmetric, while its curvature tensor is the usual one, namely
◦
Rασµν = ∂µ
◦
Γ
α
σν−∂ν
◦
Γ
α
σµ+
◦
Γ
α
λµ
◦
Γ
λ
σν−
◦
Γ
α
λν
◦
Γ
λ
σµ, and non-vanishing. As usual, in general relativity
one constructs the Ricci scalar
◦
R, through contractions of this curvature tensor, and uses it as the
Lagrangian that describes the gravitational field.
On the other hand, one can alternatively introduce the Weitzenbo¨ck connection, constructed
directly from the tetrad fields as
Γ
α
µν = ea
α∂νe
a
µ = −eaµ∂νeaα. (2.4)
This connection defines auto-parallelism, where the covariant derivative of the tetrad fields vanishes
∇σeaµ = 0, (2.5)
(∇ denotes the covariant derivative corresponding to the Weitzenbo¨ck connection), and thus we
directly deduce that the Weitzenbo¨ck connection is a metric one:
∇σgµν = 0. (2.6)
The important feature of this connection is that it has vanishing curvature tensor Rασµν = 0, while
its torsion tensor is given by
Tαµν = Γ
α
νµ − Γαµν = eaα
(
∂µe
a
ν − ∂νeaµ
)
. (2.7)
Additionally, we can define the contortion tensor Kαµν = Γ
α
µν −
◦
Γ
α
µν = ea
α
◦
∇νeaµ, which can be
expressed as
Kαµν =
1
2
(
Tµ
α
ν + Tν
α
µ − Tαµν
)
. (2.8)
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Using contractions of the torsion tensor one can construct the teleparallel torsion scalar as
T =
1
4
TαµνTα
µν
+
1
2
TαµνT
νµ
α − TµTµ ≡ S αµνTαµν, (2.9)
where for convenience we have introduced the superpotential
S α
µν
=
1
4
(
Tα
µν
+ Tµα
ν − T ναµ
)
+
1
2
(
δναT
µ − δµαT ν
)
, (2.10)
which is skew symmetric in the last pair of indices. One can straightforwardly see that
e
◦
R ≡ −eT + 2∂µ(eTµ), (2.11)
with e =
√−g = det
(
eaµ
)
, and thus when T is used as a gravitational Lagrangian it will lead to the
same equations with the use of the Ricci scalar
◦
R. That is why the torsional theory characterized
by the action
STEGR =
1
2κ2
∫
d4x e (T + Λ) , (2.12)
with κ2 = 8πG and Λ a (cosmological) constant, is called Teleparallel Equivalent of General Rela-
tivity (TEGR).
One can be inspired by the f (
◦
R) extensions of the Einstein-Hilbert action, and extend T to
f (T ), i.e use the action [21]
S =
∫
d4x e
[
1
2κ2
f (T )
]
, (2.13)
resulting to the f (T ) gravity. Adding also the action for the matter sector, and varying the action
with respect to the vierbein, gives rise to the field equations, namely [121, 122]
1
e
∂µ
(
eS
µν
a
)
fT − eλaT ρ µλS
νµ
ρ fT + S
µν
a ∂µT fTT +
1
4
eνa f (T ) =
κ2
2
e
µ
aT
ν
µ , (2.14)
with fT :=
d f
dT
and fTT :=
d2 f
dT 2
, and where Tµ
ν
= eaµ
(
− 1
e
δLm
δeaν
)
is the energy-momentum tensor of
the matter fields.
f (T ) gravity exhibits interesting properties. In particular, through a Hamiltonian analysis one
can show that in D spacetime dimensions it has D − 1 extra degrees of freedom, corresponding
to one massive vector field or one massless vector field with one scalar field [123]. Furthermore,
although the theory has second-order field equations at the background level, at the perurbation
level instabilities could arise, and thus one must impose specific conditions for the absence of
ghost and Laplacian instabilities [29, 35].
In order to apply f (T ) gravity in a cosmological framework we impose the homogeneous and
isotropic geometry
eµ
a
= diag(1, a(t), a(t), a(t)), (2.15)
which corresponds to the flat Friedmann-Robertson-Walker (FRW) metric
ds2 = dt2 − a2(t) δi jdxidx j, (2.16)
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where a(t) is the scale factor. Calculating the torsion scalar T from (2.9) for the vierbein choice
(2.15), gives
T = −6H2, (2.17)
where H ≡ a˙/a is the Hubble function and dots denote derivative with respect to t. Hence, in f (T )
gravity there is a relation that directly relates T (whose arbitrary function is the Lagrangian of the
theory) to H. As we mentioned in the Introduction, this relation is crucial for the present work.
Inserting the vierbein choice (2.15) into the general field equations (2.14), we acquire the two
modified Friedmann equations, namely
H2 =
κ2
3
(ρ + ρT ) , (2.18)
2H˙ + 3H2 = −κ2 (p + pT ) , (2.19)
where ρ and p are respectively the energy density and pressure of the matter sector, considered to
correspond to a perfect fluid with equation-of-state parameter w ≡ p/ρ. In the above expressions
we have defined
ρT =
1
2κ2
[
2T fT − T − f (T )
]
, (2.20)
pT =
1
2κ2
[
f (T ) − T fT + 2T 2 fTT
fT + 2T fTT
]
, (2.21)
i.e ρT and pT incorporate the effects of torsional modifications. The equations close by considering
the standard matter conservation equation
ρ˙ + 3H(ρ + p) = 0, (2.22)
in which case one obtains additionally the conservation equation of the torsional fluid, namely
ρ˙T + 3H(ρT + pT ) = 0, (2.23)
while its equation-of-state parameter is wT ≡ pT /ρT . If the above formulation is applied at late
times, then this torsional fluid will constitute the dark energy sector with equation-of-state param-
eter
wDE ≡ wT =
pT
ρT
= −1 + [ f (T ) − 2T fT ]( fT + 2T fTT − 1)
[ f (T ) + T − 2T fT ]( fT + 2T fTT )
. (2.24)
Finally, it proves convenient to define the effective, i.e the total, fluid of the universe through
ρe f f ≡ ρ + ρT (2.25)
pe f f = p + pT , (2.26)
as well as the effective equation-of-state parameter
we f f ≡
pe f f
ρe f f
= −1 − 2
3
H˙
H2
, (2.27)
where the last equality arises straightforwardly from the Friedmann equations (2.18), (2.19). This
effective equation-of-state parameter is useful since it is straightforwardly related to the decelera-
tion parameter
q ≡ −1 − H˙
H2
=
1 + 3we f f
2
. (2.28)
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3 General features of cosmological phase portraits of f (T ) cosmology
In this section we investigate the general phase space portraits and the behaviour of general f (T )
cosmology. In order to perform this analysis we take advantage of the special property of f (T )
cosmology that the torsion scalar T can be expressed as a quadratic function of the Hubble function,
namely relation (2.17). Hence, both torsional energy density and pressure, given in (2.20), (2.21)
are functions of H, and then from the first Friedmann equation (2.18) we deduce that the matter
energy density ρ can also be expressed as a function of H. Thus, for a barotropic fluid with p = p(ρ)
the pressure is also a function of H, and then from the second Friedmann equation (2.19) it is
implied that H˙ is a function of H too, as well as we f f through (2.27). This feature, namely that H˙
in f (T ) cosmology can be expressed as a function of H, namely
H˙ = F (H), (3.1)
is central in the present work, and it allows for the reduction of the cosmological equations into a
one-dimensional autonomous system, which can be explored in detail. Finally, from the conserva-
tion equation (2.22), taking into account the above features, we deduce that for a barotropic fluid
the scale factor itself can be expressed as a function of H.
In summary, in f (T ) cosmology in a flat FRW universe every quantity can be expressed as a
function of the Hubble function H, which allows for the use of one-dimensional autonomous sys-
tem methods (note that in case of non-flat geometry the various quantities would have an additional
explicit dependence on the scale factor, e.g H˙ = F (H, a(t)), which is a non-autonomous system
and thus the present methods could not be used).
3.1 Flow, fixed points and stability
We can interpret the differential equation (3.1) as a vector field on a line, introducing one of the
basic techniques of dynamical analysis. In this view, we can draw the phase space diagram of
H, namely draw H˙ versus H, which is the basic tool to analyze the cosmic evolution in a clear
and transparent way, without the need to know exact analytic solutions. For clarity, in Fig. 1
we present a toy-example of such a portrait, since portraits like this will be used extensively in
the following. In this framework, one focuses on two features of this analysis, which constitute a
complete description of the evolution of H as a function of time.
The first feature is the evolution/flow of the vector field H, which is represented by an arrow
showing the direction of the change of H along the x-axis. This is determined from the sign of H˙,
since a small change in H is given by δH = F (H)δt. In other words, if F (H) > 0 then H flows
towards the right (increasing) direction as time t increases. On the contrary, if F (H) < 0 then H
flows towards the left (decreasing) direction as time increases.
The second feature is the existence of fixed points or singularities which terminate the flow.
In particular, solutions of the first-order differential equation H˙ = F (H) are subject to the initial
conditions H(ti) = Hi at t = ti and can be divided into different branches, if the equation has
fixed points. The fixed points are the zero’s of F (H), which are just de Sitter solutions, since
at these points the Hubble parameter H = H∗ is constant and H˙ = 0. If the flow starts from
a fixed point, it will remain eternally at this point, that is the universe will be always in this de
Sitter solution. A small fluctuation away from H∗ might derive the solution towards or away from
– 7 –
Figure 1. A toy-example of the phase space portrait that arises from (3.1) in f (T ) cosmology for notation
clarification. The flow is towards the right when H˙ > 0 and towards the left when H˙ < 0. Moreover, the flow
terminates at fixed points, which are the zero’s of F (H) and are de Sitter solutions (3.1). The fixed points
are classified to be unstable, stable or semi-stable according to the sign of their tangents. Unstable fixed
points are represented by open circles with arrows emanating out of them, while stable points (attractors) are
represented by closed circles with arrows pointing towards them. Finally, semi-stable points are represented
by half-filled circles, and are stable from one side and unstable from the other side.
these points, depending on the type of the fixed point. Thus, the fixed points are classified to
be unstable, stable or semi-stable according to the sign of their tangents. Unstable fixed points
(repellers) are represented by open circles with arrows emanating out of them, as can be seen in the
example Fig. 1. Stable points (attractors) are represented by closed circles with arrows pointing
toward them. Finally, semi-stable are represented by half-filled circles, and are stable from one
side and unstable from the other side.1 In particular, differentiation with respect to time yields
d
dt
(δH) = d
dt
(H(t) − H∗) = H˙, since H∗ is constant, and thus the perturbation in the Hubble space
around H∗ propagates with a rate
d
dt
(δH) = H˙ = F (H) = F (H∗ + δH). (3.2)
Applying a Taylor expansion around the fixed point H∗ as F (H∗ + δH) = F (H∗) + δH F ′(H∗) +
O(δH2), where F ′(H∗) = d
dH
F (H)
∣∣∣
H∗ (we have used that F (H∗) = 0 since H∗ is a fixed point),
we finally acquire d
dt
(δH) ≈ δH F ′(H∗). Therefore, the linearization of δH around H∗ leads to the
solution
δH(t) ∝ eF ′(H)t.
The above equation shows that the slope F ′(H∗) at the fixed point determines its stability. If
F ′(H∗) > 0, all small disturbances δH(t) grow exponentially and the fixed point in this case is
unstable (repeller or source). If F ′(H∗) < 0, then all sufficiently small disturbances decay expo-
nentially and the fixed point in this case is stable (attractor or sink). Finally, if the slope F ′(H∗)
1This classification is closely related to the traditional way of linearizing the system H˙ = F (H) around a fixed point
H∗, allowing for a small perturbation δH(t) = H(t) − H∗ around H∗, resulting to a differential equation for δH in order
to check whether the perturbation decays or grows [105–111].
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alters its sign at the fixed point (thus the fixed point is an extremum of F (H)), it is a semi-stable
phase point at which the solution is stable from one side and unstable from the other side. Lastly,
in order to fix our notations we follow [124] and we call equation H˙ = F (H) the phase portrait,
while its solution is the phase trajectory.
An important issue that needs to be mentioned is how fixed points (or singularities) in one-
dimensional systems split solutions into different branches. In particular, one of the main features
of a fixed point is that it can be reached only after infinite time, as long as F is differentiable at
that point (this can be easily seen by expanding F around the fixed point and integrate H˙ = F (H)
in order to acquire the time needed to reach that point), a condition that is satisfied in most models.
An important consequence of this statement is that if a solution lies between two fixed points then it
has to start from t = −∞ at one point and reach the other fixed point at t = +∞, which constitutes a
solution branch by itself. In general, if a model has N fixed points, then we have N +1 of the above
regions and thus we obtain N + 1 different branches of solutions. Amongst others, and following
[108], we can see that if F (H) is continuous and differentiable and there exists a future and a past
fixed point, the solution is free from types I, II and III singularities classified in [125]. Additionally,
in this case it is easy to show that there exists a no-go theorem stating that H(t) cannot cross a fixed
point, or we f f = −1, at a finite time, since the time to reach this point is infinite.
Here we make a comment on the continuity and differentiability of F (H). Given an initial
condition H(t0) = H0, the continuity of F (H) guarantees the existence of a solution, while its
differentiability guarantees the uniqueness of the solution, see for example [124]. Nevertheless,
from this important theorem one can deduce the limitations of the phase-space analysis, namely at
the points where F (H) → ∞. In these cases there is no unique solution locally, and therefore it is
not clear how the system will evolve in later times [124].
In summary, the above formalism provides a qualitative description of the behaviour of a
cosmological scenario, without knowing any exact solution. In the following, we obtain the phase
portraits of f (T ) cosmology in the (H˙ − H) phase space, where each point is a phase point and
could serve as an initial condition.
Let us now proceed in the application of the above dynamical-system method in the case of
general f (T ) cosmology. As we mentioned, we can express the matter energy density and pressure
as functions of H, that is using (2.18), (2.20), (2.21) and (2.22), we can write
ρ =
1
2κ2
[
f˜ (H) − H f˜H
]
, (3.3)
p =
1
6κ2
H˙ f˜HH − ρ, (3.4)
where f˜ (H) = f (−6H2), and f˜H := d f˜dH and f˜HH :=
d2 f˜
dH2
. Then, for a general barotropic matter fluid
with p = wρ, equations (3.3) and (3.4) give
H˙ = 3(1 + w)
[
f˜ (H) − H f˜H
f˜HH
]
= F (H). (3.5)
Note that this equation is valid only if f˜HH , 0. The case where f˜HH = 0 at all times corresponds to
f (T ) = α
√
−T + β, which is the known “trivial” f (T ) form for which the f (T ) effect is completely
eliminated from the equations and the theory becomes trivial [21]. In this work we will not consider
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this trivial case. However, one should pay attention to the fact that for a general f (T ) model,
f˜HH may become zero at a specific time, i.e F (H) → ∞. These points correspond to sudden
singularities [125], and in order to fully analyze their properties one should propose a specific
spacetime extension, which extend non-spacelike curves beyond these soft singularities as done in
[108, 116, 126–129]. For completeness, note that the above method is fully applicable in the case
where f (T ) gravity becomes TEGR, that is general relativity, i.e for f (T ) = T + Λ, since in this
case we always have f˜HH = −12 , 0.
Equation (3.5) is the main equation of the one-dimensional autonomous system in general
f (T ) cosmology. First of all, it determines the existence of fixed points and sudden singularities.
In particular, the fixed points are obtained for f˜ = H f˜H and they are reached after infinite time if
F (H) is differentiable at this point. On the other hand, sudden singularities are points where f˜HH
vanishes. Points of sudden singularities are reached at finite time and it is generally possible to
extend the spacetime beyond these points, as well as the curves of physical test particles, as has
been shown in [116]. Note that these singularities are not related to the divergence of the energy
density and/or pressure.
Finally, let us translate the basic observational constraints to a simple list of requirements
about phase space diagrams which describe realistic cosmological models. In particular:
(i) The late time acceleration might be modeled as flowing towards a future fixed point.
(ii) The universe crossed from deceleration to acceleration at a redshift ztr ≥ 0.6 (the redshift is
given by z =
a0
a
− 1, where the current value of the scale factor a0 is set to 1). According to
(2.28) this “zero acceleration curve” corresponds to q = 0, i.e to we f f = −1/3.
(iii) The universe has passed from radiation and matter eras in the past.
3.2 Phase portraits of standard cosmological evolution
Let us now investigate the phase space portraits of f (T ) cosmology in which no singularities are
involved, namely the universe behaves in the standard way. In order to incorporate more efficiently
the three observational requirements described above, and in particular point (ii), we re-write (2.27)
as
H˙ = −3
2
(
1 + we f f
)
H2. (3.6)
Hence, one can study this equation in terms of the values of we f f . In the following paragraphs we
study the case of constant and varying we f f separately.
3.2.1 Fixed effective equation of state
If we f f is constant then (3.6) admits only the trivial solution (H˙,H) = (0, 0). Geometrically this null
solution represents the origin of the phase space, which is also a Minkowskian fixed point. Thus,
this null solution splits the phase space into two separate patches: In the first patch, corresponding
to H > 0, the universe is expanding, while in the second patch, where H < 0, the universe is
contracting. Notably, as we analyzed above, transitions between these two patches through the
Minkowskian origin cannot be achieved in a finite time. In order to present the above features in
a more transparent way, in Fig. 2 we construct the corresponding phase portrait, following the
notation of the toy-example Fig. 1.
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Figure 2. Phase space portraits according to (3.6), for various values of constant we f f . The point at the
origin corresponds to a semi-stable Minkowski universe. The dotted curve represents the zero acceleration
boundary and it divides the phase space into two regions, namely the decelerated (shaded) and the acceler-
ated (unshaded) region. The labels (I)-(IV) mark the regions with the four possible behaviours described in
the text. The graph has scale invariance, and every shortening or extension which includes (0, 0) will look
the same.
The phase space, in general, contains four different dynamical regions according to the values
of the Hubble function H and of the deceleration parameter q ≡ −1 − H˙/H2. Accordingly, we
proceed to the following classification:
(i) The unshaded region in the negative Hubble patch represents an accelerated contraction
phase, since H < 0 and q < 0. We label this region as (I). The dH/dt < 0 region corre-
sponds to −1 < we f f < −1/3, while the dH/dt > 0 corresponds to we f f < −1.
(ii) The shaded region in the negative Hubble patch represents a decelerated contraction phase,
since H < 0 and q > 0. We label this region as (II). In this region the universe evolves
towards a future finite time singularity (Big Crunch).
(iii) The shaded region in the positive Hubble patch represents a decelerated expansion phase,
since H > 0 and q > 0. We label this region as (III). In this region the universe begins with a
finite time singularity (Big Bang).
(iv) The unshaded region in the positive Hubble patch represents an accelerated expansion phase,
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since H > 0 and q < 0. We label this region as (IV). The dH/dt < 0 region corresponds to
−1 < we f f < −1/3 while the dH/dt > 0 corresponds to we f f < −1.
Interestingly, we can unify two or more of these behaviours, obtaining a transition from ex-
pansion to contraction if we add a negative cosmological constant. In particular, the addition of
a negative cosmological constant moves the phase portrait and the Minkowski fixed point towards
the lower part of the figure, making the transition from expansion to contraction realizable. On the
other hand, under the addition of a positive cosmological constant the phase portrait will be shifted
vertically towards the upper part of the figure, and thus the Minkowskian fixed point will be moved
upwards providing two new fixed points, which will allow for the transition from contraction to
expansion, that is for the bounce realization [117].
In the rest of the manuscript we will follow the color notation of Fig. 2, corresponding to the
above four regions. Finally, we mention here that in the case of a fixed we f f , the one-dimensional
autonomous systems do not allow for oscillating solutions, since crossing the phantom divide line
we f f = −1 requires an infinite time.
3.2.2 Dynamical effective equation of state
In a general and more realistic case of f (T ) cosmology we f f is not constant, but it is a function of
H, as was described in detail in the beginning of this section. In this case, one must fulfill the basic
observational requirements listed above. In Fig. 3 we present schematic phase space portraits of
some generic and realistic cosmological models, which can in principle arise within the framework
of the f (T ) cosmology. Let us analyze some of their features, examining for simplicity separately
the regimes that have different Hubble function values.
• Large Hubble function regime.
Imposing the known observational constraints, we list all possible f (T ) cosmologies accord-
ing to their behaviour at large H. In order to obtain an early accelerated expansion epoch
(inflation), the phase portrait at large H should lie within region IV. This constraint leads us
to distinguish between three different scenarios depending on the behaviour of H˙ at early
times:
t =
∫ H⋆
H>0
H˙−1dH =

∞, H⋆= finite, H˙ = 0 (scenario A);
∞, H⋆ → ∞, H˙ → ∞ (scenario B);
f inite, H⋆ → ∞, H˙ → ∞ (scenario C).
(3.7)
In scenario A, as shown in Fig. 3, the phase portrait begins with a fixed point in the past, i.e
H˙= 0, with a very large value of H (close to the Planck value, H⋆ = HPlanck = 1/lPlanck). Eq.
(3.7) implies that the time required to reach this point is infinite, which enables a non-singular
description of the universe evolution and can in principle describe inflation. In scenario B,
the phase portrait asymptotically exhibits a linear (or slower) behaviour. The phase portrait
in this case is characterized by H˙ ∝ Hs, where s ≤ 1 as H → ∞, and then the integral in
(3.7) diverges. In this scenario the universe has a Big Bang singularity, however it is pushed
back to infinite time. In scenario C, the universe begins with a Big Bang singularity with
an asymptotic effective equation-of-state parameter −1 < we f f < −1/3 for large H. The
phase portrait in this case is characterized by H˙ ∝ Hs, where s > 1 as H → ∞, and then
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Figure 3. Phase space portraits according to (3.6), in the general case where we f f ≡ we f f (H). The three
scenarios, the transition points, and the behaviour at different Hubble regimes are described in the text. The
dust and radiation curves are the same with Fig. 2 and are drawn for convenience. The scale of the graph is
determined by the unstable de Sitter point at H⋆ = HPlanck = 1/lPlanck.
the integral in (3.7) is finite. In these three different scenarios, the phase portraits should
intersect the zero acceleration curve into the radiation curve at region (III) where Hubble
function acquires smaller values. At the intersection point H˙ = −H2, the universe terminates
its accelerated expansion phase. Therefore, the universe can exit into the FRW decelerated
expansion, and thus the Hubble parameter should be chosen H ∼ 107 GeV in order to obtain
a graceful exit.
• Intermediate Hubble function regime.
This regime characterizes the standard cosmological era, and the f (T ) models can give rise
to a successful thermal history just as predicted by standard cosmology. Hence, the phase
portraits of scenarios A - C of Fig. 3 in this regime correspond to the radiation era.
• Small Hubble function regime.
The phase portraits intersect the zero acceleration curve, namely H˙ = −H2, for the second
time, allowing the universe to transform into a late-time accelerated expansion phase. This
point imposes a further constraint, since as we mentioned above, the late-time transition to
acceleration is expected to be at redshift ztr & 0.6, i.e at Htr & 100 km/s/Mpc. Additionally,
in this regime the three scenarios A - C exhibit a similar behaviour.
• Fate of the universe.
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In the future, when H2 becomes comparable to the cosmological constant, the phase portrait
evolves towards a future de Sitter fixed point with we f f ∼ −1, as can be seen in Fig. 3.
However, in some cases the universe may evolve towards Minkowski instead of de Sitter (we
did not include this case in Fig. 3 since it is in tension with ΛCDM paradigm).
We close this paragraph by mentioning that in order to draw Fig. 3 we did not use explicit
f (T ) forms, since our purpose is to show how the Hubble-rate flow in phase space is constrained by
basic observational requirements, and moreover how these constraints allow for three qualitatively
different scenarios at large H˙. Nevertheless, by considering an explicit form of H˙ ≡ F (H), which
reproduces any of the scenarios given in Fig. 3, the corresponding f (T ) gravity can be obtained
from Eq. (3.5). On the other hand, the observational requirements obtained from crossing the
zero acceleration curve, either at large or small Hubble function regimes, can be used as usual to
determine the free parameters of the f (T ) theory.
3.3 Phase portraits of finite-time singularities of Type II and IV
In the previous subsection we investigated the phase space portraits of f (T ) cosmology, focusing
on the standard cosmological evolution, namely in the absence of singularities. Hence, the only
singularities that might possibly appear were those characterized by H˙ → ±∞ as H → ±∞,
namely the asymptotic behaviour of the parabolic phase portrait, which correspond to the finite-
time singularities of Type III of [125], such as the Big Bang and Big Crunch. In the present
subsection we wish to extend our investigation of the phase space portraits in order to explore
more exotic cosmological evolutions such as the phantom-divide crossing, the bounce realization,
the Big Brake and the cosmological turnaround. Such evolutions may incorporate the appearance
of soft finite-time singularities of type II and IV [108, 117, 125]. As it is known, such exotic
cosmological behaviours are impossible in the framework of general relativity, since in this case
the various energy conditions violations that are necessary for their realization cannot be obtained
[130, 131] . However, it is also known that they are possible in the framework of modified gravity.
We mention that at the observational level, neither Type II nor IV represent harmful singularities
[125]. In the following, examining the phase space portraits, we show that they can be realized in
the framework of f (T ) cosmology.
3.3.1 Non-singular bounce
In Fig. 4 we present a schematic phase space portrait of a non-singular bounce [132, 133]. In such
a phase portrait the flow is clockwise, and the system passes by the four regions of the phase space.
This pattern has been studied in detail in [117]. The universe in this scenario has an (eternal in the
past) Minkowskian fixed-point origin, and then it enters into region (II), that is into a decelerated
contraction phase. The phase portrait then intersects the zero curve acceleration and the universe
enters into an accelerated contraction, namely into region (I), where H˙− < 0. However, the phase
portrait crosses the phantom divide line H˙ = 0, entering into an effectively phantom phase where
H˙+ > 0.
Although crossing the phantom divide line is realized through a de Sitter fixed point, the time
needed to reach it is not infinite. In order for this exceptional case to be realized, the following
conditions at the fixed point must be fulfilled [108]:
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Figure 4. Schematic phase space portrait for non-singular bounce realization. The blue-dashed curve
corresponds to H˙+ > 0, while the black-solid to H˙− < 0. Similarly to the previous figures, the black-dotted
and the red-dashed curves are respectively the zero acceleration boundary and the radiation curve, and
are drawn for convenience. The scale of the graph is determined by the Type IV de Sitter singular point at
H = H f .
(i) H˙
∣∣∣
H=H f
= 0,
(ii) dH˙/dH
∣∣∣
H=H f
diverges,
(iii) t =
∫ H f
H
H˙−1dH= finite,
(iv) the phase portrait is double-valued around the fixed point H f .
The first three conditions are required in order for the fixed point to be reached in a finite time,
while the fourth one is necessary for the crossing. It is not difficult to show that the fixed point in
this case is in fact a Type IV singular point according to the finite time singularity classification
[125], where all the quantities a, H and H˙ are finite but the second derivative H¨ = H˙
(
dH˙
dH
)
diverges
at H = H f . Therefore, we call this type of fixed points a Type IV de Sitter point. On the phase
portrait such points can be recognized, since on them the portrait has an infinite slope.
In the phantom phase, in the H˙+ > 0 branch, the universe transits from region (III), which
is a phase of accelerated contraction (H < 0), into region (IV), which is a phase of accelerated
expansion (H > 0), and throughout this procedure we have H˙ > 0. Thus, the bouncing point2 is the
point (H = 0, H˙ > 0). In the end of the phantom phase, the universe crosses the phantom divide
line through a Type IV de Sitter point, as indicated by the phase portrait of Fig. 4.
2At the bounce point the comoving Hubble horizon RH =
1
aH
is infinite as H is null, and thus all comoving modes
k are subhorizon. After the bounce, RH shrinks to a minimal value and therefore some modes are allowed to exit the
horizon and transform to classical modes. Additionally, the scale invariant power spectrum can be obtained just as in
inflationary scenario. Nevertheless, in non-singular bounce the trans-Planckian problems of inflation can be avoided
[132].
– 15 –
Finally, note that the phase portrait intersects the zero acceleration curve smoothly, enter-
ing into the FRW decelerated expansion phase, i.e region (III). During this era the phase portrait
matches standard cosmology, and thus it leads to the usual thermal history. However, the universe
evolves towards the Minkowskian origin without exhibiting the late-time acceleration phase.
3.3.2 Singular bounce
In Fig. 5 we present an example of a phase portrait that can smoothly cross the phantom divide
line H˙ = 0 just as in non-singular bounce. However, H˙ > 0 diverges at H = 0 producing a
Type II “sudden” finite-time singularity associated with the bouncing point. The interesting feature
is that in this case the scale factor and its first derivative at this singularity type are finite, and
consequently the Christoffel symbols are finite too. In case of sudden singularities in the framework
of general relativity it has been shown that physical geodesics are in principle extendible [134–
136]. In subsequent works some specific extensions have been proposed, in addition of applying
suitable junction conditions at H = 0 to ensure consistency between the geodesic extensions and
the field equations [128, 129]. In the case of singular bounces the comoving Hubble radius RH is
finite at the bounce point and not all the comoving modes are subhorizon. Hence, such models are
phenomenologically different from the non-singular bounce [132].
Figure 5. Schematic phase space portrait for singular bounce realization, in which the bounce happens
through a Type II (sudden) singularity. Similarly to the previous figures, the black-dotted curve marks the
zero acceleration boundary. The scale of the graph is determined by the Type IV de Sitter singular point at
H = H f .
On the other hand, if H˙ < 0 diverges at H = 0 then the phase portrait exhibits the Big Brake
cosmology. The general relativistic version of this model suffers from the so-called “soft singularity
crossing paradox” [128, 137, 138], where the matter density does not vanish at the braking point.
However, as we can now see, instead of adding exotic matter such as anti-Chaplygin gas or tachyon
fields to overcome this problem, one can use f (T ) gravity. The reconstruction of the f (T ) gravity
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which generates phase portraits corresponding to the Big Brake realization was given in [118].
Furthermore, the junction condition in f (T ) gravity has been applied in Big Brake scenario in
[116]. Finally, as we observe from Fig. 5, if the phase portrait has a cusp at H = 0 with finite value
of H˙, then the bounce/Big Brake point is associated with a finite-time singularity of Type IV.
In summary, in order for a phase portrait to cross the phantom divide line smoothly it must be
through a de Sitter fixed point of Type IV. However, in order for a phase portrait to cross between
contraction and expansion in singular cosmology, it must be through a finite time singularity of
Type II or IV.
4 Cosmological phase portraits of specific f (T )models
In the previous section we investigated the phase space portraits of general f (T ) cosmology, and
we extracted the general features and behaviours without specifying to individual models. In the
present section we apply the general method to the specific viable models that have been studied in
the literature. As we can see, we can extract the results already obtained in the literature using the
standard dynamical system methods [112–114], and moreover we can provide additional informa-
tion concerning the global behaviour of the universe, focusing on their differences and similarities.
In particular, in the following three subsections we will separately study the power-law, the
square-root exponential, and the exponential f (T ) models. These three models are the viable ones,
since they are in the best agreement with cosmological observations and Solar System constraints
[51, 76–78, 139, 140], and they are characterized by two parameters, one of which is independent.
4.1 f1CDMmodel: f (T ) = T + α(−T )b
The power-law f (T ) model (hereafter f1CDMmodel) reads as [121]
f (T ) = T + α(−T )b, (4.1)
with α and b the two model parameters (the former is dimensionful with units of [length]2(b−1) ,
while the later is dimensionless). Inserting (4.1) into (2.20) and then into the first Friedmann
equation (2.18) at current time we obtain the relation between α and b, namely
α = (6H20 )
1−b 1 −Ωm,0
2b − 1 , (4.2)
where Ωm,0 =
κ2ρ0
3H2
0
is the current value of the matter density parameter, namely at scale factor
a0 = 1 (the subscript “0” marks the current value of a quantity). In the case b = 0 the model at
hand coincides with TEGR, i.e general relativity, with a cosmological constant, that is to ΛCDM
cosmology.
Inserting (4.1) into (3.5) we acquire
H˙ = −3
2
(1 + w)H2
[
1 − α(2b − 1)(6H2)b−1
1 − αb(2b − 1)(6H2)b−1
]
. (4.3)
Since we are interested in the dark energy era, we focus on the case of dust matter and we use
w = 0. Additionally, we impose Ωm,0 = 0.318 and H0 = 76.11 km/s/Mpc in agreement with
observations [141].
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Figure 6. Phase space portraits for the power-law f1CDM model of (4.1), according to (4.3), for three
values of the model parameter b. Similarly to the previous figures, the zero acceleration boundary and the
dust and radiation curves, are drawn for convenience. The scale of the graph is determined by the value of
T0 = −6H20 , and thus by the imposition of H0 = 76.11 km/s/Mpc.
In Fig. 6 we present the phase space portraits of the power-law f (T ) model (4.1), for three
choices of the parameter b. In the H > 0 half-plane we identify the fixed points by setting H˙ = 0
in (4.3), and in the examples of the figure they correspond to H∗ = 65.95, 57.15 and 111.51
km/s/Mpc for b = −1/3, 1/3 and 3/2, respectively. These points represent stable de Sitter future
attractors, and the time required to approach them is infinite since H˙ is finite. We are interested
in the (H > H∗)-patch, where the transition from decelerated to accelerated expansion is realized.
The phase trajectory in this region goes towards the left, i.e towards the decreasing H direction.
The phase portrait shows that the universe begins with an initial singularity (Big Bang), it exhibits a
matter-dominated era, and then it enters into the late-time acceleration phase. The realization of this
epoch sequence favors b = −1/3, 1/3, in which the acceleration transition occurs at Htr = 107.36
km/s/Mpc (for b = −1/3) and at Htr = 107.89 km/s/Mpc (for b = 1/3), i.e at redshift ztr ∼ 0.6 (for
a discussion on the transition redshift in various f (T ) cosmological models see [75]). Moreover,
the model parameter b can be constrained by knowing the transition time more precisely. This can
be done by determining the intersection of the phase portrait with the zero acceleration curve by
setting H˙ = −H2 at H = Htr. Using (4.3) we find
α = − (6H
2
tr)
1−b
(2b − 1)(2b − 3) , (4.4)
and comparing with (4.2) we extract the useful relation
Htr =
H0
(2b − 3) 12(b−1) (Ωm,0 − 1)
1
2(b−1)
, (4.5)
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which predicts the Hubble parameter value at the transition as a function of b. Some specific values
are presented in Table 1. It is worth mentioning that relation (4.5) restricts the parameter b to be
less than 3/2 if we impose the physical requirement Ωm,0 < 1.
b Htr [km/s/Mpc] zr
0 ∼ 108.91 ∼ 0.61
0.05 or 0.17 ∼ 109.01 ∼ 0.63
0.07 or 0.15 ∼ 109.04 ∼ 0.63
−0.36 or 0.38 ∼ 107.18 ∼ 0.60
−0.92 or 0.5 ∼ 103.92 ∼ 0.55
Table 1. Values of the Hubble parameter and of the redshift at the transition, for the power-law f1CDM
model of (4.1), according to (4.5), for various values of the model parameter b.
In order to cover all possible scenarios we discuss the case where b = −1/3 and the initial
Hubble value 0 < Hi < H
∗. From Fig. 6 we observe that the universe interpolates smoothly
between semi-stable Minkowski and stable de Sitter at −∞ ≤ t ≤ ∞. Thus, the universe is non-
singular and evolves effectively in a phantom-like regime as H˙ > 0. In addition, we can also see
two other possible behaviours in contraction phases (H < 0), where −H∗ < Hi < 0 and Hi < H∗.
We close the analysis of this model by examining the fulfillment of basic observational require-
ments. As we mentioned above, the power-law f (T ) model (4.1) reduces to ΛCDM cosmology for
b = 0, and thus we expect that the favored b-values of the model will be around this value. Indeed,
confrontation with observations yields that the best fit on the parameter b, as measured from the
combined cosmic chronometers (CC) + H0 + Supernovae Type I (SNIa) + Baryon Acoustic Oscil-
lations (BAO) observational data, is b = 0.05536 [76]. Then, the parameter α from (4.2) is found
to be α ∼ −1.0543 × 10−43 km−1.8893 (the units of α are km−2(1−b)). These values are confirmed by
different data sets too, and in general at 3σ one obtains −1/3 ≤ b ≤ 1/3 [77, 78, 139].
Finally, apart from the correct behaviour at late times we need to ensure that the model can
realize the matter era too, and it proves that the phase portrait analysis can be a powerful tool
for this goal. In particular, examining the asymptotic behaviour of phase portrait (4.3) at early
times, namely at H ≫ Htr, for b ≤ 1 we find that H˙ = − 32 (1 + w)H2, while for b > 1 we obtain
H˙ = − 3
2
(1+w)
b
H2, where the equation of state has to be set to w = 0 since we focus on the dust case.
Therefore, it is obvious that the matter dominated era can be obtain only in the regime b ≤ 1, which
is consistent with the constraint of obtaining late-time acceleration.
In summary, as we see from the application of the phase space portraits, the power-law f (T )
model can lead to interesting phenomenology.
4.2 f2CDMmodel: f (T ) = T + αT0
(
1 − e−p
√
T/T0
)
In this model the f (T ) has a square-root exponential form [122]
f (T ) = T + αT0
(
1 − e−p
√
T/T0
)
, (4.6)
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where α and p are the two model parameters. Inserting (4.6) into (2.20) and then into the first
Friedmann equation (2.18) at current time we acquire
α =
1 −Ωm,0
1 − (1 + p)e−p . (4.7)
This model reduces to ΛCDM cosmology for p→ +∞. Inserting (4.6) into the f (T ) phase portrait
(3.5) we obtain
H˙ = −3
2
(1 + w)H2

1 − α
(
H0
H
)2 [
1 − (1 + pH/H0) e−pH/H0
]
1 − 1
2
αp2e−pH/H0
 . (4.8)
Focusing on the dust matter case w = 0, in Fig. 7 we present the phase space portrait of
the square-root exponential model (4.6) for some choices of the parameter p. The fixed points
correspond to H∗ = 137.10, 56.89 and −12.69 km/s/Mpc, for p = −2/3, 3 and 1/2, respectively.
As we observe, the phase portrait for p = 1/2 reproduces the standard cosmology in H > 0 region,
however it does not possess a Minkowskian fate. Since its fixed point is H∗ < 0, the universe
will result into a contracting phase at asymptotically late times, i.e the cosmological turnaround
will be realized. On the other hand, the phase portrait for p = 3 leads to a universe evolution
in agreement with standard cosmology one. Moreover, the deceleration-to-acceleration transition
occurs at H = 112.78 km/s/Mpc, namely at z ∼ 0.68, in agreement with observations [141].
Figure 7. Phase space portraits for the square-root exponential f2CDM model of (4.6), according to (4.8),
for three values of the model parameter p. Similarly to the previous figures, the zero acceleration boundary
and the dust and radiation curves, are drawn for convenience. The scale of the graph is determined by the
value of T0 = −6H20 , and thus by the imposition of H0 = 76.11 km/s/Mpc.
Let us now examine for which values of the parameter p the model is closer to the observed
evolution. Concerning late times we saw that the larger the p is, the better is the behaviour. Ex-
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amining the asymptotic behaviour of phase portrait (4.8) at early times, namely at H ≫ Htr, for
p < 0 we find that H˙ =
3(1+w)
p
H0H, while for p > 0 we obtain H˙ = − 32 (1 + w)H2, where w has to
be set to 0 since we focus on the dust case. Therefore, for p < 0 the phase portrait does not accept
the correct matter era (nevertheless, as can be seen from Fig. 7, the phase portrait grows linearly
as H → ∞ and thus it has no initial finite-time singularity, since it can be shown that if H˙ ∝ Hr
(r ≤ 1) asymptotically then the initial singularity is absent [108]). On the other hand, for p > 0 we
obtain the correct matter era. These intervals are in agreement with the fact that ΛCDM cosmology
is obtained for p → +∞. In particular, the combined CC + H0 + SNIa + BAO observational data
yield a best-fit value b = 0.04095, for b = 1/p [76] and consequently, via (4.7), we obtain for the
dimensionless parameter α = 0.7302. Additionally, these values are confirmed by different data
sets too, and in general at 3σ one obtains p ≥ 3 [77, 78, 139].
We close the analysis by mentioning that as can be observed from Figs. 6 and 7, f1CDM and
f2CDMmodels exhibit common features in the H > 0 patch, if we make the interchange p = −1/b
for p < 0, or p = 1/b for 0 < p < 1. However, in the contraction patch H < 0 they present different
behaviours.
4.3 f3CDMmodel: f (T ) = T + αT0
(
1 − e−pT/T0
)
In this model the f (T ) has an exponential form [142]
f (T ) = T + αT0
(
1 − e−pT/T0
)
, (4.9)
where α and p are the two model parameters. Inserting (4.9) into (2.20) and then into the first
Friedmann equation (2.18) at current time we acquire
α =
1 −Ωm,0
1 − (1 + 2p)e−p . (4.10)
This model reduces to ΛCDM cosmology for p→ +∞. Inserting (4.9) into the f (T ) phase portrait
(3.5) we obtain
H˙ = −3(1 + w)H20

H2 − α
H20 − (H20 + 2pH2)e
−pH2
H2
0

2H2
0
+ 2αp(H2
0
− pH2)e
−pH2
H2
0

. (4.11)
In Fig. 8 we present the phase space portrait of the exponential model (4.9) for some choices of
the parameter p, for the case of dust matter w = 0. The fixed points are obtained for H∗ = ±92.22, 0
and ±58.34 km/s/Mpc, for p = −2/3, 3 and 1/2, respectively. As we can see, the choice p = −2/3
cannot lead to a universe evolution in agreement with the observed one. For p = 1/2 and p = 3 we
can see that the deceleration-to-acceleration transition occurs at H = 134.93 and 134.14 km/s/Mpc
respectively. However, for p = 3 the phase portrait indicates another transition back to deceleration
at H ∼ 84.1 km/s/Mpc, with a finite time singularity, while for p = 1/2 the universe can evolve
towards a future fixed point. In general, the larger the value of p is, the more realistic is the
cosmological behavior. This is in agreement with the fact that ΛCDM cosmology is obtained for
p→ +∞. Moreover, this is confirmed by detailed confrontation with observations, using combined
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Figure 8. Phase space portraits for the exponential f3CDM model of (4.9), according to (4.11), for three
values of the model parameter p. Similarly to the previous figures, the zero acceleration boundary and the
dust and radiation curves, are drawn for convenience. The scale of the graph is determined by the value of
T0 = −6H20 , and thus by the imposition of H0 = 76.11 km/s/Mpc.
CC + H0 + SNIa + BAO data sets, which yield a best-fit value b = 0.03207 for b = 1/p, and
consequently, through (4.10) to α = 0.7352 [76]. In general, at 3σ one obtains p ≥ 3 [76–78, 139].
Finally, examining the asymptotic behaviour of the phase portrait (4.11) at early times, namely
at H ≫ Htr, for p < 0 we find that H˙ = 32 (1+w)p H20 , while for p > 0 we obtain H˙ = − 32 (1 + w)H2,
where the equation of state has to be set to w = 0 since we focus on the dust case. Hence, in the
parameter region p < 0 the phase portrait asymptotically evolves towards a constant value and thus
the model does not accept the correct matter era. On the other hand, for p > 0, apart from late-time
acceleration, the model exhibits the correct matter epoch at early times.
5 A new viable f (T )model
In the previous section we used the basic advantage that in f (T ) cosmology in a flat FRW geometry
all quantities can be expressed as functions of the Hubble function H, and we transformed the
cosmological equation into a one-dimensional autonomous system whose phase space portraits
could reveal the basic cosmological features and behaviours. Additionally, after we explored the
general properties of f (T ) cosmology, we studied three specific viable f (T ) models characterized
by two parameters, which are in the best agreement with observations. In the present section we
use as a guide the basic features arisen from the above investigation of the phase space portraits, in
order to construct a new model of f (T ) gravity. This model proves to be efficient in the description
of the cosmological history of the universe.
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5.1 The model: f (T ) = Te βT0/T
The simple model that we propose in this work is
f (T ) = Te βT0/T , (5.1)
where β is the single dimensionless model parameter. Inserting this relation into (2.20), (2.21), and
using (2.17), namely that T = −6H2, we find
ρT (H) =
3
κ2
H2 − (H2 − 2βH20)eβ H
2
0
H2
 , (5.2)
pT (H) = −
3βH2
0
H2
κ2
 H2 + 2βH20
H4 − βH2
0
H2 + 2β2H4
0
 , (5.3)
and thus the (torsion originated) dark energy equation-of-state parameter becomes
wT (H) =
−βH2
0
H2
(
H2 + 2βH2
0
)
[
H4 − βH2
0
H2 + 2β2H4
0
] H2 − (H2 − 2βH20)eβ H
2
0
H2

. (5.4)
Inserting (5.2) into the first Friedmann equation (2.18) at current time we express β in terms of the
current value of the matter density parameter, namely
β =
1
2
+W
(
−1
2
e−1/2 Ωm,0
)
, (5.5)
where W(x) denotes the Lambert-W function, which is the solution of the transcendental equation
WeW = x. Using Ωm,0 = 0.318, we acquire β ∼ 0.393, or β ∼ −3.127.
5.2 Phase space portraits
Let us now explore the phase space portrait of the new f (T ) model (5.1). Inserting (5.2) and
(5.3) into the conservation equation (2.22) (or inserting it straightaway into (3.5)) we obtain the
one-dimensional phase-portrait equation
H˙ = −3
2
(1 + w)
(H2 − 2βH2
0
)H4
H4 − βH2
0
H2 + 2β2H4
0
. (5.6)
In Fig. 9 we present the corresponding phase portrait for the two values of β calculated above,
corresponding to Ωm,0 = 0.318 through (5.5). Note that for β < 0 the system has exactly one fixed
point at H = 0, while for β > 0 there exist three fixed points at H = 0,±
√
2β |H0|. Nevertheless,
both β cases exhibit a transition from deceleration to acceleration at late times. Additionally, at
early times, namely at large H, both β cases can describe the correct matter era, since in this regime
we asymptotically have H˙ = − 3
2
(1 + w)H2.
Let us now discuss in more details the phase-space portrait features for the two β cases sepa-
rately.
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Figure 9. Phase space portraits for the new model of (5.1), according to (5.6), for two values of the
model parameter β. Similarly to the previous figures, the zero acceleration boundary and the dust curve are
drawn for convenience. The scale of the graph is determined by the value of T0, and thus by the imposition
of H0 = 76.11 km/s/Mpc.
• β < 0. As we observe from Fig. 9, the phase portrait splits the phase space into two patches:
(i) When H < 0 the universe has no initial singularity but it contracts towards a future Big
Crunch, namely towards a finite-time singularity. (ii) When H > 0, the universe begins with
a Big Bang singularity, it matches standard cosmology during the intermediate-time region,
and it exhibits a late-time acceleration phase. However, unlike ΛCDM model, the universe
evolves towards a Minkowskian future fixed point.
• β > 0. As we can see from Fig. 9, the phase portrait splits the phase space into four
distinguishable patches: (i) When H < −
√
2β |H0| the universe does not have a past sin-
gularity, it is contracting, and it evolves towards a future Big Crunch singularity. (ii) When
−
√
2β |H0| < H < 0, the universe is contracting and non-singular, interpolating smoothly
between de Sitter and Minkowski solutions in a phantom-like regime (H˙ > 0). (iii) When
0 < H <
√
2β |H0|, we obtain an expanding accelerating universe, which is non-singular
and lies in the phantom regime. (iv) When H >
√
2β |H0|, the universe begins with a finite
time singularity (Big Bang) with a decelerated expansion phase, it matches standard cos-
mology during the intermediate-time region, then at late times it enters into a non-phantom
(since H˙ < 0) accelerated expansion, and finally in the future the universe results to a de
Sitter solution. In this procedure the value of β controls the various transitions points, and
in particular the transition from deceleration to acceleration. In particular, a larger β value
– 24 –
corresponds to a later transition to acceleration phase. In summary, this last region is the one
that is in agreement with the observed universe evolution.
Having explored the basic features of the phase space portrait of the model at hand, let us extract
analytical relations for the deceleration-to-acceleration transition. From Eq. (5.6) we can see that
the zero acceleration curve, i.e H˙ = −H2, is crossed at
Htr = ±H0
√
β
(
2 + 3w ±
√
8 + 24w + 9w2
)
(1 + 3w)
. (5.7)
Focusing on the expanding universe H > 0 and assuming the matter to be dust (w = 0) we result to
the simple relation
β =
−1 ∓
√
2
2

(
Htr
H0
)2
. (5.8)
Hence, if the Hubble value at the transition Htr is given accurately from observations then the
value of the parameter β can be calculated. In Table 2 we give the estimated values of β according
to different choices of Htr (they correspond to ztr ∼ 0.5 − 0.7 according to observations [4]). The
results show that 0.363 . β . 0.464 or −2.707 . β . −2.117, which as expected are consistent
with the β values that were used in Fig. 9 and were arisen from the requirement Ωm,0 = 0.318
(definitely the measurements of Ωm,0 and H0 are more accurate than the measured of Htr ).
ztr Htr [km/s/Mpc] β
0.5 ∼ 100.8 ∼ −2.117 or 0.363
0.6 ∼ 107.18 ∼ −2.394 or 0.411
0.7 ∼ 113.97 ∼ −2.707 or 0.464
Table 2. Values of the β parameter of the new model (5.1), and of the corresponding Hubble parameter and
redshift at the transition, according to (5.8).
5.3 Cosmological evolution
In this subsection we explore some features of the cosmological evolution in the scenario of the
new f (T ) model (5.1). First of all, inserting (5.1) into (3.3) and (3.4), using also (2.17), we obtain
ρ(H) =
3
κ2
(
H2 − 2βH20
)
e
β
H2
0
H2 , (5.9)
p(H) = −2H˙
κ2
[
1 − β
(
H0
H
)2
+ 2β2
(
H0
H
)4]
e
β
H2
0
H2 − ρ(H). (5.10)
Now since integration of the continuity equation (2.22) in the case of dust matter gives ρ(H) =
ρ0/a(H)
3, using (5.9) we obtain the scale factor as a function of the Hubble parameter as
a(H) =
Ωm,0H20
ΩmH2

1/3
=
Ω
1/3
m,0
H
2/3
0
e
−βH2
0
3H2
(H2 − 2βH2
0
)1/3
, (5.11)
where Ωm =
κ2ρ
3H2
and Ωm,0 its value at present.
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In the following we focus on the β > 0 case, since as we discussed in the phase-space portrait
analysis of the previous subsection, it is the one that can lead to a universe evolution in agreement
with the observed one. Using (5.11) we obtain the redshift as a function of the Hubble parameter
H as
z(H) =
H2 − 2βH20
H2
0
Ωm,0

1/3
e
βH2
0
3H2 − 1. (5.12)
The inverse relation of (5.12) gives H ≡ H(z), which can be shown graphically in Fig. 10(a).
(a) Hubble parameter (b) Density parameters (c) Deceleration parameter
Figure 10. Cosmological evolution of various quantities, in the new model of (5.1), as a function of the
redshift. Left graph: The evolution of the Hubble parameter H(z) from the inverse relation of (5.12). Middle
graph: The evolution of the matter and (torsional) dark energy density parameters, Ωm(z) and ΩT (z), from
(5.13) and (5.14) respectively. Right graph: The evolution of the deceleration parameter q(z) from (5.15).
We have taken β = 0.393, and we have set the present values as H0 = 76.11 km/s/Mpc and Ωm,0 = 0.318.
Similarly, from (5.9) we extract the matter density parameter as
Ωm(H) =
(H2 − 2βH2
0
)
H2
e
β
H2
0
H2 , (5.13)
while from (5.2) the (torsional) dark energy density parameter reads as
ΩT (H) = 1 −
(H2 − 2βH2
0
)
H2
e
β
H2
0
H2 . (5.14)
Thus, using the inverse of (5.12), as well as (5.13) and (5.14), in Fig. 10(b) we depict Ωm and
ΩT as functions of z. The current value of Ωm is Ωm(z = 0) = Ωm,0 ≈ 0.318, while it approaches
unity at larger redshift values. On the other hand, ΩT is almost zero at large z, while its current
value is ΩT (z = 0) ≈ 0.682. These behaviours are in a very good agreement with observations.
Additionally, extending the graphs to the far future, namely at z → −1, we can see that Ωm drops
to zero while ΩT → 1, i.e the universe results in a de Sitter phase.
Concerning the deceleration parameter (2.28), in the case of dust matter using (5.11) it be-
comes
q(H) =
1
2
H4 − 4βH2
0
H2 − 4β2H4
0
H4 − βH2
0
H2 + 2β2H4
0
. (5.15)
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Therefore, using the inverse relation of (5.12) in Fig. 10(c) we present q(z). As we observe,
the universe was decelerating at early times, (q → 0.5 at larger z as expected for a dust-matter
dominated phase), it experienced the deceleration-to-acceleration transition at redshift ztr ≈ 0.63
(in agreement with the expected range 0.6 . ztr . 0.8), and at present it has a value q(z = 0) ≈
−0.649.
Let us now focus on the (torsional) dark energy equation-of-state parameter wT of (5.4), which
using the inverse relation of (5.12) can be expressed as a function of the redshift. In Fig. 11(a) we
depict wT (z) for β = 0.393, which is consistent with Ωm,0 = 0.318 and H0 = 76.11 km/s/Mpc. At
large z the graph shows that wT (z) → −1, i.e the (torsional) dark energy behaves as a cosmological
constant, nevertheless since at the same timeΩT (z) is almost zero (see Fig. 10(b)) we do not expect
any deviation from standard cosmology and the galaxy formation. However, at smaller redshifts
wT (z) evolves in the phantom regime, still inside the observational bounds [4, 14, 143]. Moreover,
at the limit z→ −1, wT (z) evolves towards −1, consistently with a dark-energy dominated de Sitter
universe.
(a) Dark-energy equation-of-state parameter (b) Effective equation-of-state parameter
Figure 11. Left graph: Evolution of the dark energy equation-of-state parameter wT (z) as a function of the
redshift, from (5.4) using the inverse of (5.12), in the new model of (5.1). Right graph: the corresponding
evolution of the effective (total) equation-of-state parameter we f f (z), from (5.16) using the inverse of (5.12).
We have taken β = 0.393, and we have set the present values as H0 = 76.11 km/s/Mpc and Ωm,0 = 0.318.
Similarly, let us examine the behaviour of the total equation-of-state parameter of the universe
we f f . Inserting (5.6) into (2.27) we can express it as a function of H as
we f f (H) = −1 +
(1 + w)(H2 − 2βH2
0
)H2
(H4 − βH2
0
H2 + 2β2H4
0
)
, (5.16)
which for the case of dust matter (w = 0) and using the inverse relation of (5.12), can result in
a relation we f f (z). In Fig. 11(b) we depict we f f (z) for the same β values with Fig. 11(a). As
we observe, we f f behave as dust at large z (as expected during matter domination), it crosses
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we f f = −1/3 (which corresponds to the deceleration-to-acceleration transition) at redshift ztr ≈
0.63, and it drops to we f f (z) ≈ −0.766 at present (z = 0). These behaviours are in agreement with
observations [4, 144]. Finally, in the far future, namely at the limit z → −1, we f f evolves towards
−1, consistently with a de Sitter universe.
Lastly, from the above analysis we have all the materials to estimate the age of the universe
tage = −
∫ ∞
H0
H˙−1dH. (5.17)
Imposing H0 = 76.11 km/s/Mpc, β = 0.426 and using the phase portrait of the model at hand,
namely (5.6), we find tage ∼ 13.7 billion years. Although the value β = 0.426 is consistent with
the results of Table 2, the model in this case gives a lower matter density parameter Ωm,0 ∼ 0.227
as predicted by (5.5). However, by setting β = 0.393 (which gives Ωm,0 = 0.318) and H0 = 70
km/s/Mpc, the model predicts an age of ∼ 13.6 billion years. Hence, we conclude that even if the
current Hubble constant H0 and the matter density parameter Ωm,0 have large values, the model can
predict an age consistent with the WMAP and Planck results [141].
5.4 Two diagnostic tests
We close this section by performing two diagnostics tests on the new f (T ) model proposed in
(5.1). The first test is the Om(z) diagnostic test [145], and it is useful in order to resolve the known
degeneracy that exists between the dark-energy equation-of-state parameter, which in the present
work is of torsional origin, namely wT , with the dark-matter density parameter Ωm. The second
study concerns the sound speed of the scalar perturbations of the theory.
The Om(z) diagnostic test is a useful tool to distinguish a specific dark energy model amongst
others, as well as from the ΛCDM cosmology. The Om(z) diagnostic is defined by [145]
Om(z) =
(H(z)/H0)
2 − 1
(1 + z)3 − 1 , (5.18)
which has less dependence on the matter density parameter and can be determined by the value of
H0. For ΛCDM paradigm it simply gives a straight line in (z,Om(z)) plane, since H
2 ∝ (1 + z)3,
while the dynamical dark energy models lead to curves. In phantom dark energy models (wDE <
−1), Om(z) has a negative slope, while in models where dark energy lies in the quintessence regime
(wDE > −1) it has a positive slope.
In the model at hand we can use the inverse relation of (5.12) in order to extract the corre-
sponding Om(z) through (5.18), and in Fig. 12(a) we depict it. This graph confirms that in the
present model the torsional dark energy lies in the phantom regime, since the slope is negative.
This is in agreement with the combination of Supernovae Type I (SNIa), Baryon Acoustic Oscil-
lations (BAO) and Cosmic Microwave Background (CMB) data at 1σ confidence level [145, 146].
At large z the graph matches ΛCDM cosmology, as we also found in the previous subsections.
Let us now come to the behaviour of scalar perturbations in the theory, since for every gravita-
tional theory it provides an important test for its stability and validity. In viable models the square
of the sound speed of these perturbations should be 0 ≤ c2s ≤ 1 in order to maintain the causality
and stability conditions. For f (T ) gravity in an FRW background the squared sound speed of scalar
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(a) Om(z) diagnostic test (b) Squared sound speed of scalar perturbations
Figure 12. Left graph: Evolution of the Om(z) parameter (5.18) for the Om(z) diagnostic test, using also
the inverse of (5.12), for the new model of (5.1). The gray-shaded region defines the 1σ confidence level
fittings using the combined SNIa, BAO and CMB data [145]. Right graph: Evolution of the squared sound
speed of the scalar perturbations using (5.20), using also the inverse of (5.12). We have taken β = 0.393,
and we have set the present values as H0 = 76.11 km/s/Mpc and Ωm,0 = 0.318.
perturbation is given by [29, 36]
c2s =
fT
fT + 2T fTT
, (5.19)
which for the f (T ) model (5.1), and using that T = −6H2, it becomes
c2s (H) =
(H2 − βH2
0
)H2
H4 − βH2
0
H2 + 2β2H4
0
. (5.20)
Hence, using the inverse relation of (5.12) we extract c2s (z) as a function of the redshift, and we
depict it in Fig. 12(b). From this graph it is clear that the sound-speed square is close to 1 (still
with c2s ≤ 1) at large z, then it drops to ≈ 0.66 at present (z = 0), while c2s → 0.5 in the far future
z → −1. Therefore, the model at hand does not suffer from ghost instabilities or acausality at any
time of the evolution.
In summary, the f (T ) ansatz (5.1) fulfills the basic requirements on both background and
perturbation levels, and thus it can be considered as a viable f (T ) model.
6 Conclusions
In the present work we used dynamical system methods in order to explore the general behaviour
of f (T ) cosmology. These methods allow to bypass the complications and non-linearities of the
equations in a cosmological scenario, and obtain information about their global behaviour and
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dynamics without the need of extracting complete analytical solutions. In contrast to the standard
applications of dynamical system methods in given cosmological scenarios, in which one results to
a multi-dimensional system whose investigation is in general complicated and it is restricted only
to specific forms of the involved functions, in our analysis we presented a way to transform the
f (T ) cosmological equations into a one-dimensional autonomous system. In particular, we took
advantage of the crucial property that the torsion scalar in flat FRW geometry is just a function
of the Hubble function H, and thus in a general f (T ) cosmological scenario every quantity is
expressed as a function of H. Hence, we were able to embed all the information of f (T ) cosmology
in one phase portrait equation of the form H˙ = F (H).
As a first step, we investigated in detail the phase space portraits that arise from the above equa-
tion in the case of general f (T ) cosmology, exploring the basic features and possible behaviours.
As we showed, f (T ) cosmology can describe the universe evolution in agreement with observa-
tions, namely starting from a Big Bang singularity, evolving into the subsequent thermal history
and the matter domination, entering into a late-time accelerated expansion, and resulting to the de
Sitter phase in the far future. Nevertheless, f (T ) cosmology exhibits a rich class of more exotic be-
haviours, such as decelerated and accelerated contraction, cosmological (singular or non-singular)
bounce and turnaround, the realization of the phantom-divide crossing, and the appearance of the
Big Brake and the Big Crunch. Moreover, it can exhibit various singularities, including the non-
harmful ones of type II and type IV.
As a next step, we investigated the phase space portraits of three specific viable f (T ) forms,
that pass the basic cosmological requirements. Using the advanced method of the one-dimensional
analysis, we were able to reproduce the results that were previously extracted in the literature,
providing additionally extra information on the different solution branches and possible behaviours,
and offering a more complete picture. Using our method, we were able to extract the required
bounds on the model parameters in order to obtain the correct early and intermediate behaviour
too, apart from the correct late-time asymptotic one. Interestingly enough, we obtained the same
parameter bounds with those acquired through detailed observational confrontation.
Taking into account the information obtained from the investigation of the phase space por-
traits, we presented a newmodel of f (T ) gravity, namely f (T ) = TeβT0/T , that can lead to a universe
in agreement with observations. In particular, this model can describe the required thermal history
of the universe, exhibit the deceleration-to-acceleration transition at the expected redshift, and re-
sult today in the correct percentage of dark matter and dark energy. Furthermore, the effective
dark energy behaves as cosmological constant at large redshifts, while it behaves as phantom in the
epoch of late-time acceleration. In the future the universe is attracted by the de Sitter solution, and
it is dominated by the torsional dark energy which behaves as cosmological constant. Moreover,
concerning the basic cosmological quantities, these are in agreement with their observed values.
Finally, we performed the Om(z) diagnostic test, which can differentiate various dark energy mod-
els since it has less dependence on the matter density parameter. Additionally, we examined the
behaviour of the scalar perturbations in the scenario at hand, and we showed that their sound speed
square is always in the interval 0.5 ≤ c2s ≤ 1, which fulfills the stability and causality conditions at
all times.
In summary, the method of one-dimensional phase space portraits, that is applicable in f (T )
cosmology, can reveal the rich structure and the capabilities of the theory. f (T ) gravity proves to
– 30 –
be efficient as a candidate for the description of nature.
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